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ABSTRACT
In a sequence of elements, a run is defined as amaximal subsequence
of like elements. The number of runs or the length of the longest
run has been widely used to test the randomness of an ordered
sequence. Based on two different sampling methods and two types
of test statistics used, run tests can be classified into one of four
cases. Numerous researchers have derived the probability distribu-
tions in many different ways, treating each case separately. In the
paper, we propose a unified approach which is based on recurrence
arguments of two mutually exclusive sub-sequences. We also con-
sider the sequence of nominal data that has more than two classes.
Thus, the traditional run tests for a binary sequence are special cases
of our generalized run tests. We finally show that the generalized
run tests can be applied to many quality management areas, such
as testing changes in process variation, developing non-parametric
multivariate control charts, and comparing the shapes and locations
of more than two process distributions.
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1. Introduction

In many experiments or observational studies, each element in the sample space can
assume only one of two possible outcomes, such as heads or tails, success or failure, or
up or down. The order in which the elements of the sample were drawn is frequently avail-
able. In any ordered sequence of n elements of two kinds, a ‘run’ is defined as a succession
of similar events preceded and succeeded by different elements. The number of elements in
a run is referred to as its length. We can also count the total number of runs in an ordered
binary sequence.

Consider, for example, the ordered sequence of 10 binary numbers, 1 1 1 1 0 1 1 0 0 1.
The total number of runs in the sequence is five (i.e. 1 1 1 1 0 1 1 0 0 1), among which the
number of 1 runs is three and the number of 0 runs is two. In the same sequence, the length
of the longest 1 run is four (i.e. 1 1 1 1), whereas the length of the longest 0 run is two (i.e.
0 0). Thus, themaximum run length (i.e, the length of the longest 1 or 0 run) is four in the
binary sequence.

Various types of run tests have been proposed to examine whether or not a two-valued
data sequence is randomly generated. The test statistic is often derived from (i) the number
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